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Abstract
The effect of self-gravity of a disk matter is evaluated by the simplest
modes of oscillation frequencies for perturbed circular geodesics. It is plot-
ted the radial profiles of free oscillations of an equatorial circular geodesic
perturbed within the orbital plane or in the vertical direction. The cal-
culation is carried out to geodesics of an axisymmetric n-dimensional
spacetime. The profiles are computed by examples of disks embeded
in five-dimensional or six-dimensional spacetime, where it is studied the
motion of free test particles for three axisymmetric cases: (i) the New-
tonian limit of a general proposed 5D and 6D axisymmetric spacetime;
(ii) a simple Randall-Sundrum 5D spacetime; (iii) general 5D and 6D
Randall-Sundrum spacetime. The equation of motion of such particles is
derived and the stability study is computed for both horizontal and ver-
tical directions, to see how extra dimensions could affect the system. In
particular, we investigate a disk constructed from Miyamoto-Nagai and
Chazy-Curzon with a cut parameter to generate a disk potential. Those
solutions have a simple extension for extra dimensions in the case (i), and
by solving vacuum Einstein field equations for a kind of Randall-Sundrum-
Weyl metric in cases (ii) and (iii). We find that it is possible to compute
a range of possible solutions where such perturbed geodesics are stable.
Basicaly, the stable solutions appear, for the radial direction, in special
cases when the system has 5D and in all cases when the system has 6D;
and, for the axial direction, in all cases when the system has both 5D or
6D.
1 Introduction
A complete scheme to comprehend the dynamics of galaxies includes the study of
many variables: the galactic shapes, the associated gravitational potentials and,
1
ar
X
iv
:1
60
3.
08
26
3v
2 
 [g
r-q
c] 
 3 
Se
p 2
01
6
as well, the galaxy main components such as gas, stars, dust, dark matter and
maybe the central supermassive black hole. Particularly, the orbit behavior of
the galaxy stars represents an important element to derive galactic gravitational
potentials. In this aspect, the simplest scenario is based on a fundamental
approximation: although galaxies are composed of stars, we shall neglect the
forces from individual stars and consider only the large-scale forces from the
overall mass distribution, neglecting small-scale irregularities due to individual
stars or larger objects [1, 2].
The usual and most practical potentials to describe stellar circular orbits
are the spherical, the axially symmetric and the barlike form potentials. In the
simplest case, the stars are moving in a static, spherically symmectric potential.
This potential is the appropriate one for globular clusters, which are usually
nearly spherical. However, few galaxies are even approximately spherical. Many
real galaxies actually approximate figures of revolution and many of them have
their stars confined to the equatorial plane of an axisymmetric configuration
[3, 4, 5].
In the present contribution, we investigate configurations associated with
axisymmetric potentials for general nD spacetimes with star orbits present only
in the visible 3D space, focusing our calculations in the stability of perturbed
stellar orbits. The motivation behind the nD consideration resides in the gen-
eral introduction of spacetime extradimensions in theories like superstrings [6],
braneworld gravity [7, 8, 9, 10, 11] and models of galaxies within a multidimen-
sional universe [13, 14, 15]. In other words, we want to answer the question
“could extradimensions affect the stability of the 3D orbits in the equatorial
plane of a axisymmetric configuration?”. In this aspect, compactified or warped
extradimensions should represent perturbations that possibly could break the
stability of the system. The possible presence of extra dimensions in the uni-
verse is one of the most astounding features of string theory. Despite the strong
theory formalism, extra dimensions still remain unaccessible and obliterated to
experiments. Since the presence of ten or more spacetime dimensions is one
of the central conditions of string theory and M theory, it is not unrealistic
to say that experimental observation or constraints on the extra dimensions
properties would be a major advance in science. In other hand, the lack of ex-
perimental evidences is usually explained by compactification which is the main
geometric feature to explain why photons do not escape to the extra dimen-
sions. Nevertheless, an alternative approach involves an extra dimension which
is not compactified, as pointed by Randall-Sundrum (RS) [7, 8, 9, 10, 11]. This
extra dimension implies deviations on Newton’s law of gravity at submillimetric
scales, where objects may be indeed gravitating in more dimensions. The elec-
tromagnetic, weak and strong forces, as well as all the matter in the universe,
would be trapped on a brane with three spatial dimensions. Only gravitons
would be allowed to leave the surface and move into the full bulk, constituted
by an anti-de Sitter - AdS5 spacetime, as prescribed by RS models [7, 8]. Here
are the main motivations concerning the choice of RS as the metric to be tested
in the present paper.
The stability of circular orbits in the equatorial plane can be studied both us-
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ing an extension of the Rayleigh stability criterion [16] or a perturbative method
based on inertial oscillations. In the Rayleigh criterion an orbit is perturbed by
an infinitesimal change in the momentum of the test particle. Usually, the
Rayleigh criterion is studied for a pure Newtonian circular orbit. On the other
hand, oscillatory perturbative methods are based on the oscillations governed by
the rotational restoring force and their frequencies. Such frequencies are charac-
terized by the epicyclic frequency κ, defined by κ2 = 2Ω(2Ω+rdΩ/dr), where Ω
is the angular velocity of the disk rotation. In this sense, the radial distribution
of κ is of importance in determining the behavior of oscillations. Concerning this
radial distribution, general relativity has important roles. Namely, in general
relativity the epicyclic frequency does not increase monotonically inward in the
radial direction, but rather reaches a maximum at certain radius and then falls
to zero at the radius of marginally stable circular geodesic [17, 18]. Oscillations
outside the equatorial plane (vertical direction z) are also important and are
decoupled from the radial oscillations.
Here, the stability will be investigated using the second method described
above, namely the oscillatory perturbative method, for general axial configura-
tions with n dimensions. In this sense, the present work is divided as follows.
In Section 2 it is presented the equatorial circular geodesics in 4D axisymmet-
ric fields, followed by the calculation of perturbations of such orbits, and the
consequent investigation of their stability (Section 3). Section 4 is devoted to
the derivation of general equations that describe perturbed orbits of a nD ax-
isymmetric configuration. Sections 5, 6, 7 and 8 present two examples to test
the derived equation for the simplest case of a 5D configuration and two other
more examples for 6D configurations. Explicitly, the following examples will
be treated here: i) 3D orbits in the Newtonian limit case for a nD axisymmet-
ric configuration with no compactification (Section 5 for 5D and Section 7 for
6D); (ii) 3D orbits for a pure Randall-Sundrum metric, with Weyl axisymmetric
terms, that has a volcano barrier potential to prevent matter to get out from the
visible 3D space (that works as a compactification) (Section 6.1); (iii) 3D orbits
for a general Randall-Sundrum-Weyl metric with the same assumption about
compactification (Section 6.2 for 5D and Section 8 for 6D). In all cases, we in-
troduce a cut method to generate a disk solution, such that the axial coordinate
is transformed as z¯ = |z|+ c, where c > 0 is the cut parameter.
2 Equatorial circular geodesics in (1+3) axisym-
metric fields
As can be seen, e.g., in [18], rotating axisymmetric objects, in Weyl-Lewis-
Papapetrou 1+3 cylindrical coordinates (t, ρ, ϕ, z), generate spacetimes described
by the following metric [20]
ds2 = −e2ξdt2 + ρ2B2e−2ξ(dϕ− ωdt)2 + e2λ−2ξ(dρ2 + dz2), (1)
where ξ,B, ω and λ are dependent functions of ρ and z only. The case where
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the source is an ideal fluid with zero pressure (dust) is the same as to fix B = 1,
reducing the number of functions to three [21]. For a timelike worldline xα(s)
with four-velocity uα = dxα/ds and angular velocity Ω = dϕ/dt, the specific
angular momentum and the the specific energy with respect to the rest frame
(at spatial infinity) are given by
` = uϕ = u
t(gtϕ + gϕϕΩ) = u
tρ2B2e−2ξ(Ω− ω), (2)
E = −ut = −ut(gtt + gtϕΩ) = ute2ξ + ω`. (3)
Spatially circular orbits are the simplest type of worldline in a stationary ax-
isymmetric field. It is also the most important worldline for the dynamics of
astrophysical bodies. This particular case happens when ρ =const, z=const and
Ω =const. The four-velocity is written as
uα = ut(1, 0,Ω, 0), (4)
where
(ut)−2 = −gtt − 2gtϕΩ− gϕϕΩ2 = e2ξ − ρ2B2e−2ξ(Ω− ω)2 = (E − Ω`)2, (5)
and the four-acceleration can be written as
aα = −1
2
gβγ,αu
βuγ = −u
t
,α
ut
+ utΩ,α` = u
t(E,µ − Ω`,µ).
The equatorial symmetry is here defined as the reflectional symmetry with re-
spect to a plane placed at z = 0. Naturally, only radial components of aα are
non-null for circular orbits in the equatorial plane. Nevertheless, there are two
particular cases of the orbital angular velocity where radial four-acceleration
even vanishes:
Ω± =
−gtϕ,ρ ±
√
g2tϕ,ρ − gtt,ρgϕϕ,ρ
gϕϕ,ρ
. (6)
Particularly, here the interest resides in static axisymmetric spacetimes,
namely Weyl spacetimes, with no dragging (ω = 0) and null pressure (B = 1),
that reduces the number of unknown functions to only two, ξ(ρ, z) and λ(ρ, z).
The metric is now
ds2 = −e2ξdt2 + ρ2e−2ξdϕ2 + e2λ−2ξ(dρ2 + dz2). (7)
In this case, the energy-momentum tensor satisfies T ρρ +T zz = 0 and the function
ξ satifies the Laplace equation and the Keplerian equatorial frequencies (6) read
Ω± = ±e
2ξ
ρ
√
ρξ,ρ
1− ρξ,ρ (8)
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with corresponding specific azimuthal angular momentum and specific energy
respectively
` = ± ρ
eξ
√
ρξ,ρ
1− 2ρξ,ρ , E = e
ξ
√
1− ρξ,ρ
1− 2ρξ,ρ . (9)
3 Stability of circular orbits in axisymmetric 4D
fields
The stability of circular orbits in the disk plane can be studied using an ex-
tension of the Rayleigh stability criterion [16], or a perturbative method where
we assume that the disk particles are describing equatorial circular geodesics in
stationary axisymmetric fields. A general relativistic equivalent method to the
Rayleigh criterion comes from a perturbative method based in radial or vertical
oscillations of the test particle. In 4D, this method is derived in [14] and [18].
Here we assume that a stable system is one in which the internal and external
forces are such that any small perturbation results in forces that return the
system to its prior state. In such manner, we are interested in investigate the
stability of perturbed geodesics for axisymmetric orbits. The geodesic equation
in a 4D pattern is
x¨α + Γαµν x˙
µx˙ν = 0. (10)
Here the perturbation of the geodesic equation is done performing xα → xα+∆α
– where ∆α = (δt, δρ, δϕ, δz). Substituting this map in Eq. (10), we have
x¨α + ∆¨α + Γαµν(x+ ∆)[x˙
µ + ∆˙µ][x˙ν + ∆˙ν ] = 0, (11)
x¨α + ∆¨α + [Γαµν(x) +
∂
∂xβ
Γαµν∆
β ][x˙µ + ∆˙µ][x˙ν + ∆˙ν ] = 0, (12)
Using (10) we isolate only the perturbative part
∆¨α + Γαµν x˙
µ∆˙ν + Γανµ∆˙
µx˙ν +
∂
∂xβ
Γαµν∆
β x˙µx˙ν = 0, (13)
and how Γαµν = Γανµ we finally derive geodesic equations for perturbations
∆¨α + 2Γαµν x˙
µ∆˙ν + Γαµν,β∆
β x˙µx˙ν = 0. (14)
Taking the general 4D case where the coordinates in the plane of the disk are
given by xµ = (t, ρ = const, ϕ = const+Ωt, z = 0), and the axisymmetric metric
is ds2 = −e2ξdt2 + ρ2B2e−2ξ(dϕ − ωdt)2 + e2λ−2ξ(dρ2 + dz2). Making B = 1
and ω = 0, as discussed in the previous section, we have, for this case, that the
non-null Christoffel symbols are Γttρ, Γρρρ, Γρzz, Γzzρ, Γ
ρ
tt, Γϕϕρ, Γtϕρ, Γ
ρ
ϕt, Γρϕϕ, Γ
ϕ
tρ,
and four equations are derived
(δ¨t) + 2(Γttρ + Γ
t
ϕρΩ)u
t(δ˙ρ) = 0, (15)
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(δ¨ρ)+2(Γρtt+Γ
ρ
ϕtΩ)u
t(δ˙t)+2(Γρtϕ+Γ
ρ
ϕϕΩ)u
t( ˙δϕ)+(Γρtt,ρ+2Γ
ρ
tϕ,ρΩ+Γ
ρ
ϕϕ,ρΩ
2)(ut)2(δρ) = 0,
(16)
(δ¨ϕ) + 2(Γϕtρ + Γ
ϕ
ϕρΩ)u
t(δ˙ρ) = 0, (17)
(δ¨z) + (Γztt,z + 2Γ
z
tϕ,zΩ + Γ
z
ϕϕ,zΩ
2)(ut)2(δz) = 0, (18)
where x˙µ = uµ = ut(1, 0,Ω, 0), and utΩ = VC . Ω = |Ω±|, given by Eq. (8) in
the Weyl axisymmetric configuration of Section 2. From the proper frequency of
the harmonic-oscillator equation (18) it is possible to write down the following
angular frequency τ⊥ with respect to radial infinity, provided that the harmonic-
oscillator equation in the vertical (z) direction is decoupled from the others [and
it is, see Eq. (18)]:
τ2⊥ = Γ
z
tt,z + 2Γ
z
tϕ,zΩ + Γ
z
ϕϕ,zΩ
2. (19)
For the axisymmetric metric presented in Section 2, i.e., developing the Christof-
fel symbols from metric (7) and from the Keplerian frequency (8), oscillations
in z direction read
τ2⊥ =
e4ξ−2λ
1− ρξ,ρ ξ,zz. (20)
To evaluate oscillations at the radial directions, suppose that the solutions for
δt, δρ and δϕ also have a form of harmonic oscillations proportional to eiKs,
whereK is the proper angular frequency and s is the proper time. The condition
for solvability of equations (15)-(17) is
det
 −K2 2iKΓttρut 02iKΓρttut −K2 + Γραβ,ρuαuβ 2iKΓρϕϕutΩ
0 2iKΓϕϕρu
tΩ −K2
 = 0, (21)
4 General perturbed motion equations in nD space-
times
Now we need to work on calculations concerning nD spacetimes (withA,B,C,D =
0, ..., n), where the geodesic equations for perturbations should be written as
∆¨A + 2ΓABC x˙
B∆˙C + ΓABC,D∆
Dx˙Bx˙C = 0, (22)
where ΓABC are the Christoffel symbols and x˙
A are proper time derivatives
dxA/ds. To find effective equations for perturbations in terms only of visi-
ble fields, i.e., what are the effective expressions in terms of visible fields, it is
necessary to analyze a general nD metric to derive a Lagrangian. The detailed
steps on how to develop the motion equations can be seen in [19]. Here the
novel results are the perturbed equations that will appear at the middle of the
present section, with major posterior developings in Sections 5, 6, 7, 8 and 9.
Also, in the end of this section, after derive the perturbed motion equations, we
consequently calculate the epiciclic frequency and the orthogonal frequency.
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The most general metric for such universe is given by
g(xα) =
 gαβ | gαb− − − − − −
gaβ | gab
 , (23)
where α, β = 0, . . . , 3 and a, b = 4, . . . , n. Furthermore we consider the conven-
tion to make the metric as a function of only 3+1 coordinates: gAB = gAB(xα).
This metric components gAB contain the 3 + 1 universe metric terms gαβ and
the extra dimensional terms gab, as well as the crossed components. Eq. (23)
can be rewritten for convenience as
gAB = gαβδ
α
Aδ
β
B + gabδ
a
Aδ
b
B + gαbδ
α
Aδ
b
B + gaβδ
a
Aδ
β
B ,
where δij are the Kronecker symbols. The derivatives for such metric components
are given by
gAB,C = gαβ,γδ
α
Aδ
β
Bδ
γ
C + gab,γδ
a
Aδ
b
Bδ
γ
C + gαb,γδ
α
Aδ
b
Bδ
γ
C + gaβ,γδ
a
Aδ
β
Bδ
γ
C .(24)
The case gAB = gαβδαAδ
β
B+gabδ
a
Aδ
b
B is considered here, motivated by formalisms
where gaα = 0. The inverse metric is written as
gAB = gαβδAα δ
B
β + g
abδAa δ
B
b , (25)
and the derivatives are straightforwardly provided by Eq. (24)
gAB,C = gαβ,γδ
α
Aδ
β
Bδ
γ
C + gab,γδ
a
Aδ
b
Bδ
γ
C . (26)
Assuming that the spacetime has a connection presenting no torsion, one yields
the following Christoffel symbols ΓABC =
1
2g
AM (gBM,C +gCM,B−gBC,M ). Split-
ting this last expression by Eqs. (25) and (26) it reads
ΓABC = Γ
α
βγδ
A
α δ
β
Bδ
γ
C+
1
2
[
gam(gbm,γδ
A
a δ
b
Bδ
γ
C + gcm,βδ
A
a δ
β
Bδ
c
C)− gαµgbc,µδAα δbBδcC
]
.
(27)
The Ricci tensor components are
RAB = ∂MΓ
M
AB − ∂BΓMAM + ΓNABΓMNM − ΓNAMΓMNB .
Taking into account that the terms of the metric depends solely on xα, the
equation above reads
RAB = Rαβδ
α
Aδ
β
B +Rabδ
a
Aδ
b
B . (28)
The stress tensor can be derived from the conventional definition TAB := −2 δLMδgAB +
gABLM . Now, the Lagrangian for the gravitating test particles in a spacetime
with extra dimensions, can be derived as [19]
L = (gABx˙
Ax˙B)1/2 = (gαβ x˙
αx˙β + gabx˙
ax˙b)1/2, (29)
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where x˙A = dxA/ds. The motion equations come from the Euler-Lagrange
expression dds
(
∂L
∂x˙C
) − ∂L
∂xC
= 0. As ∂A = ∂αδαA + ∂aδ
a
A and gab = gab(x
α) it
follows that
∂L
∂xC
=
∂L
∂xγ
δγC +
∂L
∂xc
δcC ,
∂L
∂xγ
=
1
2
L−1(gαβ,γ x˙αx˙β + gab,γ x˙ax˙b),
and ∂L∂xc = 0. It immediately yields
∂L
∂xC
=
1
2
L−1(gαβ,γ x˙αx˙β + gab,γ x˙ax˙b).
Likewise, the term dds
(
∂L
∂x˙C
)
can be developed:
∂L
∂x˙γ
=
1
2
L−1(gγβ x˙β + gαγ x˙α) = L−1gµγ x˙µ,
∂L
∂x˙c
=
1
2
L−1(gcbx˙b + gacx˙a) = L−1gmcx˙m.
Now
d
ds
(
∂L
∂x˙γ
)
= L−1
[(
∂gµγ
∂xσ
)
x˙σx˙µ + gµγ x¨
µ
]
,
Also, one can write the integration constants
gcmx˙
m = Nc, (30)
since xa are cyclic variables. Hence dds
(
∂L
∂x˙c
)
= 0. Inserting the terms together,
multiplying by Lgµγ and using (30) the equations of motion are derived:
x¨α + Γαµν x˙
µx˙ν =
1
2
gab,γg
αγNcg
acNdg
bd. (31)
Clearly a plausible interpretations is that the extra dimensions induce an exter-
nal ‘force’ in the system, that depends only on gab and Nc.
Up to this point we developed the major steps explained in [19] to obtain
the equations of motion. From this moment we will derive the perturbed form
of Eq. (31), highlighting the importance and the novelty of this new equation
to evaluate the stability and the behavior of classical particles moving in, for
example, axisimmetric orbits endowed with extra imprints. So, the perturbed
form for Eq. (22) is properly splitted by doing xα → xα + ∆α in Eq. (31),
yielding
x¨α + ∆¨α + Γαµν(x+ ∆)[x˙
µ + ∆˙µ][x˙ν + ∆˙ν ] = V α(x+ ∆), (32)
x¨α + ∆¨α + [Γαµν(x) +
∂
∂xβ
Γαµν∆
β ][x˙µ + ∆˙µ][x˙ν + ∆˙ν ] = V α +
∂
∂xγ
V α∆γ , (33)
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where V α = 12gab,γg
αγNcg
acNdg
bd is the extradimensional signature. Using
(31) we isolate only the perturbative part
∆¨α + Γαµν x˙
µ∆˙ν + Γανµ∆˙
µx˙ν +
∂
∂xβ
Γαµν∆
β x˙µx˙ν − ∂
∂xγ
V α∆γ = 0, (34)
where we expanded the Christoffel symbols and the metric in terms of pertur-
bations ∆β (desconsidering second order perturbations) and as Γαµν = Γανµ we
finally derive the following equations for motion perturbations
∆¨α + 2Γαµν x˙
µ∆˙ν + Γαµν,β∆
β x˙µx˙ν − V α,γ∆γ = 0. (35)
Note that the term V α,γ∆γ contains all the information about perturbations that
can be carried out by extradimensions. Note also that for V α = 0, Eq. (35)
recovers the original 4D harmonic-oscillator, i.e., Eq. (14). In complement, Eq.
(35) actually contains four equations describing the perturbations of the visible
field. Considering that perturbations have the form δx ∼ eiKs, consequently the
equations for δx0, δx1 and δx2 give the following condition for the solvability of
the proper angular frequency K:
det
 −K2 2iK[Γ001 + Γ021Ω]u0 02iK[Γ100 + Γ120Ω]u0 −K2 + Γ1αβ,1uαuβ − V 1,1 2iK[Γ102 + Γ122Ω]u0
0 2iK[Γ201 + Γ
2
21Ω]u
0 −K2
 = 0,
(36)
where
V 1,1 =
1
2
gab,11g
11Ncg
acNdg
bd +
1
2
gab,1g
11
,1Ncg
acNdg
bd + gab,1g
11Ncg
ac
,1Ndg
bd.
(37)
The fourth perturbation equation is the same as Eq. (18). Note that if there
are no crossed terms g02 or g20 of the metric (resulting Γ102 = Γ120 = Γ201 =
Γ102 = Γ
0
21 = 0) and if there are no extradimensions (resulting V 1,1 = 0), the
expression (36) becomes the same as (21). To evaluate oscillations at the radial
directions, we calculate the determinant (36) supposing that the solutions for
δt, δρ and δϕ also have a form of harmonic oscillations proportional to eiKs,
where K is the proper angular frequency and s is the proper time. In this way,
the epicyclic frequency κ2 = K2/(u0)2 and the perturbations τ2⊥ in direction x
3
are respectively calculated as
κ2 = (Γ122,1 − 4Γ221Γ122 − 4Γ021Γ120)Ω2 + (2Γ120,1 − 4Γ221Γ102 − 4Γ001Γ120 − (38)
−4Γ021Γ100 − 4Γ201Γ122)Ω + Γ100,1 − 4Γ001Γ100 − 4Γ201Γ102 − V 1,1/(u0)2,
τ2⊥ = Γ
3
00,3 + 2Γ
3
02,3Ω + Γ
3
22,3Ω
2. (39)
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5 Example 1: General perturbations for 5D met-
ric in the Newtonian limit (with no compacti-
fication)
The main aim now is to compute the gravitational potential in the Newtonian
limit, since galaxies and clusters can be described physically as Newtonian ob-
jects — corresponding to the approximation in which gravity is weak. The weak
limit is assumed uniquely in the 4-dimensional spacetime: the deviation γαβ of
the 4-dimensional metric gαβ = ηαβ + γαβ is small (ηαβ denotes the Minkowski
metric). Linearized gravity has a gauge freedom given by γαβ 7→ γαβ +£ξηαβ ,
where £ξ denotes the Lie derivative with respect to the generators ξα of a dif-
ferential diffeomorphism. To the first order, such transformation represents the
same physical transformation as γαβ . This gauge freedom is used to simplify
the linearized Einstein equation. Solving the equation ∂β∂βξα = −∂βγαβ for
ξα, a gauge transformation that leads to ∂βγαβ = 0 — similar to the Lorentz
gauge condition — can be elicited to obtain the simplified Einstein equation
Tαβ = −1
4
∂µ∂µγαβ , (40)
and
Tαβ =
1
2
[
1
2
(gmn∂µ∂µgmn)gαβ − gmngmn,αβ
]
, (41)
where Tαβ refers to terms of the stress tensor dependent of extra terms gab of
the metric. When gravity is weak, the linear approximation to GR should be
valid. There exists a global inertial coordinate system of ηαβ such that
Tαβ = Tαβ + Tαβ ≈ ρtαtβ , (42)
− 1
4
∂µ∂µγαβ +
1
2
[
1
2
(gmn∂µ∂µgmn)ηαβ − gmngmn,αβ
]
= ρtαtβ , (43)
where tα is the time direction associated with this coordinate system. This
equation can be interpreted as the modified Poisson equation considering a
universe with more than 3 + 1 dimensions.
Define γαβ ≡ −4φ, where φ = φ(~x) is a 3-space scalar field. Furthermore
consider a line element ds2n =
∑n
i=1 e
ψidz2i , where ds2n is the world line for the
extra sector, zi denotes the extra coordinates and ψi = ψi(~x) are potentials
associated to extra dimensions.
If one asserts, as a first approximation the sigma model gµν(σ,µσ−1),ν = 0
for the extra part, where σ denotes the diagonal matrix representing the metric
associated to the system, we have
∂µ∂µgab = 0, (44)
yielding the following equation
− 1
4
∂µ∂µγαβ −
1
2
gmngmn,αβ = ρtαtβ , (45)
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or in other words
∇2φ = ρ. (46)
It means that our visible matter density profile is provided uniquely by the 4-
dimensional field. In the 5D Newtonian limit one can write the following line
element
ds2 = −(1− 2φ)dt2 + d~x.d~x+ e−ψdy21 , (47)
where d~x ·d~x is the 3-dimensional line element and y1 is the extradimension. In
cylindrical coordinates the 3D line element will be d~x · d~x = dr2 + r2dϕ2 + dz2.
To find a form for those functions φ and ψ, from (44) and (46) it yields
∇2ψ −∇ψ · ∇ψ = 0 (48)
∇2φ = ρ. (49)
Non-linear terms do not appear, since the σ matrix is diagonal. In particular,
Eq. (48) can be rewritten as
∇2χ = 0, (50)
where the identification χ = e−ψ is accomplished.
Simple solutions for those functions are, for example,
φ = − m√
r2 + (z¯ + a)2
, (51)
and
χ =
2m
r
, (52)
where the coordinate z¯ = |z| + c introduces a cut method to generate a disk
solution, where c > 0 is the cut parameter. Here, a is a general constant, and
the above solutions are given for a particle of mass m in the position z → 0.
The solution (52) gives
ψ = − lnχ. (53)
The epicyclic κ2 frequency is calculated from Eq. (38) as
κ2(r) =
[
3− 1
2
N2y1r
2eψ
(
d2ψ
dr2
+
(
dψ
dr
)2)]
Ω2− 4
1− 2φ
(
dφ
dr
)2
−d
2φ
dr2
+
1
2
eψ(1−2φ)N2y1
[
d2ψ
dr2
+
(
dψ
dr
)2]
,
(54)
where the squared angular velocity Ω2 is calculated from Ω2(u0)2 = F (r) =
(−g22/g00)(ϕ˙2/t˙2) (see e.g. [14]), from (5) and (30) as
Ω2 =
F (r)(1− 2φ)
1 + F (r)r2
, (55)
with
F (r) =
r
1− 2φ
[
eψ∂rφ+ (e
ψ∂rψ)/2− φeψ∂rψ − ∂rφ/N2y1
(eψr∂rψ)/2− eψ + 1/N2y1
]
. (56)
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The orthogonal perturbation τ2⊥ is calculated simply from (39) as
τ2⊥ = −
∂2φ
∂z2
, (57)
where in this last case τ2⊥ is plotted for all z > 0 and r > 0. Fig. 1(a) and Fig.
1(c) show respectively the curves for κ2 and τ2⊥ for some values of Ny1.
6 Example 2: 5D Randall-Sundrum (compactified-
like)
6.1 Pure Randall-Sundrum
The Randall-Sundrum (RS) metric is in general expressed as
ds2 = e−2k|y|gµνdxµdxν + dy2, (58)
where k2 = 3/(2`2), and the term e−2k|y| is called the warp factor [7, 8], which
reflects the confinement role of a extradimensional anti-de Sitter bulk constant
Λ that prevents gravity from leaking into the extra dimension at low energies.
The term |y| provides the Z2 symmetry of the 3-brane at y = 0 and RS metric
can be regarded as an alternative to compactification.
Here we will assume that gµν is the Weyl axisymmetric metric described in
(7). The perturbed geodesics of this pure RS with Weyl coordinates is repre-
sented in Fig. 2 for Ny1 = 0, that is a particular case of the second example
below.
6.2 General Randall-Sundrum
Another possibility is that one can assume a general Randall-Sundrum metric
with Weyl-Lewis-Papapetrou coordinates written as
ds2 = e−2k|y|gµνdxµdxν + e−ψdy2, (59)
with the assumption discussed in Section 4, i.e., that gymx˙m = Ny, with gyy =
e−ψ. When Ny = 0, it is recovered the original pure RS metric (58). With gµν
given by (7) with solutions
λ = ξ = − m√
r2 + (z¯ + a)2
, (60)
and
ψ =
2m
r
. (61)
Here we have introduced the same cut method as before to generate a disk
solution, such that z¯ = |z|+ c, where c > 0 is the cut parameter. The epicyclic
κ2 frequency calculated from Eq. (38) as
12
κ2(r) =
[
3− 4r
(
dλ
dr
)
+ 2r2
(
dλ
dr
)2
+ r2
d2λ
dr2
]
e−2λΩ2−[
2
(
dλ
dr
)2
− d
2λ
dr2
]
e2λ − e2λV 1,1 + e−2λr2V 1,1Ω2
(62)
The squared angular velocity Ω is
Ω2 =
e2λF (r)
1 + r2e−2λF (r)
, (63)
and
F (r) =
H(r)
W (r)
,
with,
H(r) = re−4λ[2Nyeψ(∂rλ)−Nyeψ(∂rψ)− 2(∂rλ)], (64)
W (r) = 2e−4λ − 2rNye−4λeψ(∂rλ) +Nyre−4λeψ(∂rψ) + (65)
+2re−4λ(∂rλ)− 2Nye−4λ − 4rNy(∂rλ)e−4λ − 4r(∂rλ)e−4λ, (66)
and
V 1,1 = −
1
2
N2y e
−λeψ(∂2rψ)−
1
2
N2y e
−λ(∂rψ)2 − 2N2y eψ(∂rλ)(∂rψ). (67)
The orthogonal perturbations are calculated from (39) as
τ2⊥ = [2λ,z − 2ξ,z + ξ,zz + 2(ξ,z)2]e4ξ−2λ + [ξ,zz − 2λ,zξ,z]e−2λΩ2. (68)
Fig. 2 and Fig. 3 show respectively the curves for κ2 and τ2⊥ for some values
of Ny1. The system is stable if κ2 > 0 and τ⊥ > 0. When Ny1 → 0, the curves
are stable both for the radial and orthogonal perturbations for r > 0.7. Larger
the values of Ny1, more instabilities are present.
7 Example 3: 6D Newtonian limit for an axial
configuration
The metric for the Newtonian limit presented in Sec. 5 can be expanded for the
case of a 6D configuration as
ds2 = −(1− 2φ)dt2 + d~x.d~x+ e−ψdy21 + eψdy22 (69)
where d~x · d~x is the 3-dimensional line element and y1 and y2 are the extradi-
mensional coordinates. In cylindrical coordinates the 3D line element will be
d~x · d~x = dr2 + r2dϕ2 + dz2.
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From (44) and (46), simple solutions for those functions are (where, as stated
before, z¯ generates the disk solution)
φ = − m√
r2 + (z¯ + a)2
, (70)
and
χ =
2m
r
, (71)
where a is a constant, and both solutions are given for a particle of mass m in
the position z → 0. In this case,
ψ = − lnχ. (72)
The epicyclic κ2 frequency is calculated from Eq. (38) as
κ2(r) = (3 + r2V 1,1)Ω
2 − 4
1− 2φ
(
dφ
dr
)2
− d
2φ
dr2
− V 1,1(1− 2φ), (73)
where V 1,1 and the squared angular velocity Ω2 are calculated as
V 1,1 = −
1
2
N2y1e
ψ(∂rψ)
2 − 1
2
N2y2e
−ψ(∂rψ)2 − 1
2
N2y1e
ψ(∂2rψ) +
1
2
N2y2e
−ψ(∂2rψ).
(74)
Ω2 =
(1− 2φ)F (r)
1 + r2F (r)
, (75)
H(r) = N2y1e
ψ[(∂rψ)−2φ(∂rψ)−2(∂rφ)]−N2y2e−ψ[(∂rψ)−2φ(∂rψ)+2(∂rφ)]−2(∂rφ)
(76)
with
F (r) =
r
1− 2φ
[
H(r)
N2y1e
ψ[r(∂rψ) + 2]−N2y2e−ψ[r(∂rψ)− 2] + 2
]
. (77)
The orthogonal perturbation τ2⊥ is calculated simply as
τ2⊥ = −
∂2φ
∂z2
, (78)
where in this last case τ2⊥ is plotted for all z > 0 and r > 0. Fig. 1(b) and
Fig. 1(c) show respectively the curves for κ2 and τ2⊥ for some values of Ny1
and Ny2. Note that in this case, there are no differences between 5D and 6D
perpendicular perturbations.
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8 Example 4: 6D Randall-Sundrum
We propose a 6D general Randall-Sundrum (RS) metric written as
ds2 = e−2k|y|gµνdxµdxν + eψdy21 + e
−ψdy22 . (79)
Here it is assumed again that gµν is the Weyl axisymmetric metric described
in (7), with the assumption discussed in Section 4, i.e., that g55x˙5 = Ny1 and
g66x˙
6 = Ny2, with g55 = eψ and g66 = e−ψ. Ther term |y| in the warp factor
e−2k|y| is |y| =
√
y21 + y
2
2 . The solutions are
λ = ξ = − m√
r2 + (z¯ + a)2
, (80)
and
ψ =
2m
r
. (81)
The epicyclic κ2 frequency calculated from Eq. (38) is
κ2(r) =
[
3− 4r (dλdr )+ 2r2 (dλdr )2 + r2 d2λdr2 ] e−2λΩ2 − (82)[
2
(
dλ
dr
)2 − d2λdr2 ] e2λ − e2λV 1,1 + e−2λr2V 1,1Ω2, (83)
with
V 1,1 = −
1
2
N2y1e
−ψ(∂rψ)2 − 1
2
N2y2e
ψ(∂rψ)
2 +
1
2
N2y1e
−ψ(∂2rψ)−
1
2
N2y2e
ψ(∂2rψ).
(84)
The squared angular velocity Ω is
Ω2 =
e2λF (r)
1 + r2e−2λF (r)
, (85)
and
F (r) =
H(r)
W (r)
,
with,
H(r) = re−4λ[(2Ny1e−ψ + 2Ny2eψ)(∂rλ)− (Ny1eψ −Ny2e−ψ)(∂rψ)− 2(∂rλ)],
(86)
W (r) = 2e−4λ − 2r(Ny1eψ +Ny2e−ψ)(e−4λ∂rλ) + (Ny1eψ −Ny2e−ψ)re−4λ(∂rψ)+
+ 2re−4λ(∂rλ)− 2(Ny1 +Ny2)e−4λ − 4r(Ny1 +Ny2)(∂rλ)e−4λ−
− 4r(∂rλ)e−4λ
(87)
The orthogonal perturbations are calculated from (39) as
τ2⊥ = [2λ,z − 2ξ,z + ξ,zz + 2(ξ,z)2]e4ξ−2λ + [ξ,zz − 2λ,zξ,z]e−2λΩ2. (88)
Figs. 4 and 5 show the behavior of κ2 and τ2⊥ for some values of Ny1 and Ny2.
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9 Discussion and concluding remarks
In the present work perturbative terms were calculated explicitly in particle mo-
tion due to the presence of extradimensions (compactified or not) in an axially
symmetric configuration. We showed that extradimensions add terms to the
original perturbative equation of classical particle geodesics for any geometry.
First of all, we calculated the equation of motion (31) and, with the transforma-
tion xα → xα + ∆α, it is possible to find the equation (35) for perturbations in
particle geodesic motion with the presence of extradimensions. The term V α,γ∆γ
arises and we test the epyciclic radial frequency κ2 (38) and axial oscillations
τ2⊥ (39) for Weyl metric in cilindric coordinates for 5D and 6D configurations.
We showed that when κ2 > 0 and τ2⊥ > 0 the system is stable both in radial as
in axial directions.
Five metrics were used to calculate κ2 and τ2⊥, namely (i) the Newtonian
limit of a general proposed 5D [Sec. 5, eqs. (54) and (57)] and 6D [Sec. 7,
eqs. (73) and (78)] axisymmetric spacetimes; (ii) a simple Randall-Sundrum
5D spacetime [Sec. 6.1]; (iii) general 5D [Sec. 6.2, eqs. (62) and (68)] and 6D
[Sec. 8, eqs. (82) and (88)] Randall-Sundrum spacetimes.
In all cases, the solutions for the metric potentials that are used to compute
the oscillations have a reflexion symmetry in the axial coordinate to create
an infinite thin disk of matter. This occurs because we have the coordinate
z¯ = |z| + c in the solutions, where c is the disk cut parameter. The matter in
the disk comes from the discontinuity in the stress tensor when z → 0, since
∂z|z| = 2ϑ(z) − 1 and ∂zz|z| = 2δ(z), where ϑ(z) and δ(z) are, respectively,
the Heaviside function and the Dirac distribution. Therefore the Einstein field
equations will be separated in two different pieces: one valid for z 6= 0 (the usual
Einstein equations), and other involving distributions with an associated energy-
momentum tensor. Due to the discontinuous behavior of the derivatives of the
metric tensor across the disk, the Riemann curvature tensor contains Dirac delta
functions. The energy-momentum tensor can be obtained by the distributional
approach due to Papapetrou and Hamouni [23], Lichnerowicz [24], and Taub
[25]. It can be written as Tαβ = [Tαβ ] δ(z), where δ is the Dirac function with
support on the disk and [Tαβ ] is the distributional energy-momentum tensor,
which yield the volume energy density and the principal stresses. The disk at
z = 0 divides the space-time into two halves. The normal to the disk can be
described by the co-vector na = ∂z/∂xa = (0, 0, 0, 1). Above the disk near
z = 0, we can expand the metric as
gαβ = g
0
αβ + z
∂g+αβ
∂z
|z=0 + z2
∂2g+αβ
∂z2
|z=0 + ..., (89)
and below z = 0,
gαβ = g
0
αβ + z
∂g−αβ
∂z
|z=0 + z2
∂2g−αβ
∂z2
|z=0 + .... (90)
The quantity g0αβ means the value of gαβ at z = 0. The discontinuities in
the first derivatives of the metric tensor can be cast as bαβ = gαβ,z|z=0+ −
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gαβ,z|z=0− in such manner that [Γαβγ ] = 12 (bαγδzβ + bαβδzγ − gαzbβγ) where
[Γαβγ ] ≡ Γ+αβγ−Γ−αβγ at z = 0. In this way, we can identify the distributional
energy-momentum tensor on the disk through Einstein equations as [Rαβ ] −
1
2δ
α
b[R] = 8pi[T
α
β ]. Then the distributional energy-momentum tensor is given
by [Tαβ ] = 116pi{bαzδzβ− bzzδαβ +gαzbzβ−gzzbαβ + bγγ(gzzδαβ−gαzδzβ)}. The
energy density  and pressures pα in the disk are calculated for the developed
axisymmetric configurations as  = −[T tt], pϕ = [Tϕϕ], pr = [T rr] = 0, pz =
[T zz] = 0. The energy conditions are always satisfied for the four examples
bellow. Specifically in examples 2 and 4 it is satisfied when the extra coordinate
y → 0, i.e., when we analyze the stability in the 3D disk.
Concerning the method to calculate the oscillations and the stability of the
system, in general, it is verified that extra dimensions contribute to destabilize
the disk, but stability is verified for some cases. In what follows, we present
a summary of the most important points to be discussed from the mentioned
examples.
Example 1 - Newtonian limit of a general proposed 5D axial symmetry (Sec.
5): Fig. 1(a) and Fig. 1(c) show respectively the curves for κ2 and τ2⊥ for some
values of Ny1 (integration constant thanks to extradimension) in the case where
the 5D axisymmetric system is in the Newtonian limit. The system is stable if
κ2 > 0 and τ2⊥ > 0. When Ny1 → 0, the curves are stable both for the radial
and orthogonal perturbations. In this case, it is recovered the 4D expected
stability. Larger the values of Ny1, more instabilities are present. It is possible
to see this indeed in expression (54) since Ny1 is associated to negative terms of
κ2. Nevertheless, there are indeed some values of Ny1 where the perturbed axial
system presents stability inside a region of the axial system between 0 < r < rs.
For example, Fig. 1(a) shows other two cases. When Ny1 = 0.20, rs ≈ 7. When
Ny1 > 0.30 the results show that κ2 < 0 for all values of r, and therefore the
system for such case is unstable. The perpendicular perturbations of Fig. 1(c)
show that the system is stable for all r range. In fact, from 5D axisymmetric
Newtonian limit, it is possible to conclude that one extradimension indeed
carries instabilities for the system in the radial direction and does not
carry instabilities in the axial direction.
Example 2 - general 5D Randall-Sundrum with axial symmetry (Sec. 6):
Fig. 2 and Fig. 3 show respectively the curves for κ2 and τ2⊥ for some values
of Ny1 in the case where the 5D axisymmetric system is Randall-Sundrum.
The system is stable if κ2 > 0 and τ2⊥ > 0. When Ny1 → 0, the curves are
stable both for the radial and orthogonal perturbations if r > 0.7 (this is the
pure RS system). Larger the values of Ny1, more instabilities are present. It is
possible to see this indeed in expression (67) since Ny1 is associated to negative
terms of κ2. Nevertheless, there are indeed some values of Ny1 where the axial
system presents stability. For example, for values Ny1 ≤ 0.10, the system is
stable inside a region of the axial system, between rs1 < r < rs2. In the case of
Ny1 = 0.01, rs1 ≈ 0.5 and rs2 ≈ 0.8. When Ny1 > 0.10 the results show that
κ2 < 0 for all values of r, and therefore the system for such case is unstable. The
perpendicular perturbations of Fig. 3 are plotted for Ny1 = 0.20 and indicates
that in the disk plane (z → 0) the system is stable only in the radial r > 2
17
range. When z acquires greater values (both negative or positive), this range of
stable radial regions is also greater. From 5D axisymmetric RS, it is possible
to conclude that one extradimension carries instabilities for the system
in the radial direction and does not carry instabilities in the axial
direction. Also, the 5D RS case presents more instabilities than the 5D
Newtonian axisymmetric system.
Example 3 - Newtonian limit of a general proposed 6D axial symmetry (Sec.
7): Fig. 1(b) and Fig. 1(c) show respectively the curves for κ2 and τ2⊥ for
some values of Ny1 and Ny2 in the case where the 6D axisymmetric system is
in the Newtonian limit. The system is stable if κ2 > 0 and τ2⊥ > 0. When
Ny1 → 0 and Ny2 → 0, the curves are stable both for the radial and orthogonal
perturbations (if nevertheless r > 2.2). The results show that any values of Ny1
and Ny2 give stable results. In fact, there are a small range of r’s (between
0 and ∼ 2.1) that represents an unstable region. This is a central region of a
Miyamoto-Nagai gravitational potential φ = − m√
r2+(z¯+a)2
(with z¯ = |z| + c),
and such instabilities are indeed expected [22]. The perpendicular perturbations
of Fig. 1(c) indicates that the system is always stable. From 6D axisymmetric
Newtonian limit, it is possible to conclude that two extradimensions does not
carry instabilities for the system in the radial direction and also does not carry
instabilities in the axial direction. There are only local instabilities represented
in Fig. 1(b) e.g. by the peaks around r ≈ 9 (Ny1 = 0.20 and Ny2 = 0.20) and
around r ≈ 5 (Ny1 = 0.30 and Ny2 = 0.10). Also it important to highlight that
τ2⊥ is the same both for 5D and 6D Newtonian limit cases.
Example 4 - general 6D Randall-Sundrum with axial symmetry (Sec. 8):
Fig. 4 and Fig. 5 show respectively the curves for κ2 and τ2⊥ for some values
of Ny1 and Ny2 in the case where the 6D axisymmetric system is Randall-
Sundrum. The system is stable if κ2 > 0 and τ⊥ > 0. When Ny1 = Ny2 → 0,
the curves are stable both for the radial and orthogonal perturbations if r & 0.6
(this is the pure RS system). The results show that any values of Ny1 and Ny2
give stable results. In fact, there are a small range of r’s (between 0 and ∼ 0.5)
that represents an unstable region. This is a central region of a Miyamoto-Nagai
gravitational potential λ = − m√
r2+(z¯+a)2
(with z¯ = |z|+c), and such instabilities
are indeed expected [22]. The perpendicular perturbations of Fig. 5 is plotted
for this limit case when Ny1 = 0.20 and Ny2 = 0.20 and indicates that in the
disk plane (z → 0) the system is stable for all r. When z acquires greater values,
this range of stable radial regions is also greater. In this sense, one can conclude
that two extradimensions carry instabilities but less instabilities than the 5D
RS case. From 6D axisymmetric RS configuration, it is possible to conclude
that two extradimensions does not carry instabilities for the system
in the radial direction and also does not carry instabilities in the axial
direction. There are only local instabilities represented in Fig. 4 e.g. by the
peaks around r ≈ 0.9 (Ny1 = 0.02 and Ny2 = 0.02), around r ≈ 1.3 (Ny1 = 0.05
and Ny2 = 0.10) and around r ≈ 2.25 (Ny1 = 0.20 and Ny2 = 0.20).
In all situations we have introduced a cut method to generate a disk solution
and energy conditions are satisfied for cut parameters c ≥ 1. In all stable ex-
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amples cited above, the κ frequency radial distribution follows what is expected
for general relativity, i.e., the epicyclic frequency does not increase monotoni-
cally inward in the radial direction, but rather reaches a maximum at certain
radius and then falls to zero at the radius of marginally stable circular geodesic.
The results of the present work are important to contribute to all astrophysi-
cal solutions that retrieve axisymmetric configurations living in a nD universe.
For example, the impact of extra D perturbations at AGN disks, galaxies in
general, accretion around stellar black holes, etc. Several complementary dis-
cussions about the implication of this both in astrophysics as in cosmology can
be seen e.g. in [10, 11, 12, 13, 14].
An important final observation is that stable solutions were found only for
the 6D cases and this actually coincides with some arguments in favor of an
even nD e.g. as has been emphasized by diferent authors that the Huygens
principle does not hold for odd nD (see [26, 27]).
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Figure 1: (a) The plots show κ2 as a function of the r coordinate. The system
is stable if κ2 > 0. When Ny1 → 0, the curves are stable. Larger the values of
Ny1, more instabilities are present. (b) The plots show κ2 as a function of the r
coordinate. The system is stable if κ2 > 0. (c) The plot shows τ2⊥ as a function
of r and z for axisymmetric coordinates in the Newtonian limit in 5D and 6D
to a = 0 and cut parameter is c = 1 (satisfying energy conditions). The system
is stable when τ2⊥ > 0. 22
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Figure 2: The plots show κ2 as a function of the r for the general Randall-
Sundrum 5D metric with Weyl coordinates. The perturbed geodesics of the
pure RS with Weyl coordinates is recovered when Ny1 = 0.
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Figure 3: The plot shows τ2⊥ as a function of r and z for the general Randall-
Sundrum 5D metric with Weyl coordinates. Here it is assumed Ny = 0.2, a = 0
and and cut parameter is c = 1 (satisfying energy conditions).
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Figure 4: The plots show κ2 as a function of the r for the general Randall-
Sundrum 6D metric with Weyl coordinates. The perturbed geodesics of the
pure RS with Weyl coordinates is recovered when Ny1 = Ny2 = 0.
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Figure 5: The plot shows τ2⊥ as a function of r and z for the general Randall-
Sundrum 6D metric with Weyl coordinates. Here it is assumed Ny1 = Ny2 =
0.3, a = 0 and and cut parameter is c = 1 (satisfying energy conditions).
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